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Bell states are the most prominent maximally entangled photon states. In a typical four-level
emitter, like a semiconductor quantum dot, the photon states exhibit only one type of Bell state
entanglement. By adding an external driving to the emitter system, also other types of Bell state
entanglement are reachable without changing the polarization basis. In this paper, we show under
which conditions the different types of entanglement occur and give analytical equations to explain
these findings. We further identify special points, where the concurrence, being a measure for the
degree of entanglement, drops to zero, while the coherences between the two-photon states stay
strong. Results of this work pave the way to achieve a controlled manipulation of the entanglement
type in practical devices.
I. INTRODUCTION
Entanglement of quantum states is one of the most re-
markable and interesting physical effects that separate
the quantum mechanical from the classical world [1, 2].
Entanglement can be used to test quantum mechanical
principles on a fundamental level, e.g., by revealing vi-
olations of Bell inequalities [2, 3]. Furthermore, many
fascinating and innovative applications, e.g., in quantum
cryptography [4, 5], quantum communication [6, 7], or
quantum information processing and computing [8–11],
rely on entangled photon pairs.
The defining property of an entangled bipartite system
is that its quantum mechanical state cannot be factorized
into parts corresponding to the constituent subsystems.
There are four prominent states, which are maximally
entangled and known as the Bell states, established for
two entangled photons with horizontal H polarization
and vertical V polarization
|Φ±〉 = 1√
2
(|HH〉 ± |V V 〉) , (1)
|Ψ±〉 = 1√
2
(|HV 〉 ± |V H〉) . (2)
In the following we will refer to these states as Φ Bell
state (ΦBS) and Ψ Bell state (ΨBS). To create maximally
entangled states, one of the best established routes is via
the cascaded relaxation in few-level systems like atoms,
F-centers or semiconductor quantum dots [12].
In this paper, we study under which driving conditions,
a four-level emitter (FLE) placed in a microcavity pro-
duces entangled photons being either in a ΦBS or ΨBS.
We demonstrate that a constantly driven FLE under-
goes a sharp transition between regions of high ΦBS and
ΨBS entanglement for a certain two-photon resonance.
At the transition the degree of entanglement drops to
zero at a special point, because the quantum state of
the system becomes factorizable. We will further study
all two-photon resonances revealing a rich variety of dif-
ferent scenarios with or without switching the type of
entanglement and with or without special points of zero
concurrence.
II. GENERATION OF ENTANGLED STATES
The generation procedure of entangled photons in a
typical (non-driven) four-level system is as follows [see
also Fig. 1(left)]: In a first step the uppermost state
is prepared, e.g., by using two-photon resonant or near-
resonant excitation with short coherent pulses [13–21] or
adiabatic rapid passage protocols [22–25]. The excited
emitter then decays into one of two different interme-
diate states emitting either a horizontally or vertically
polarized photon. In the subsequent decay to the ground
state a second photon is emitted, which has the same po-
larization as the first one. In an ideal situation there is
no which-path information and the resulting two-photon
state is a ΦBS. Experiments and theoretical studies in
semiconductor quantum dots demonstrated the possibil-
ity to generate ΦBS entanglement [3, 13, 26–47].
The situation changes profoundly when the few-level
system is continuously driven by an external laser. Then
additionally, it become possible to create ΨBS entangle-
ment. A possible mechanism could be that the upper-
most state emits a horizontally polarized photon via one
path way, is then re-excited by the laser and then emits a
vertically polarized photon via the other path. Since the
sequence of emission of a pair of H,V or V,H polarized
photons is identical, this process results in an entangled
ΨBS. Note that the states |HV 〉 and |V H〉 are distin-
guished by the temporal order of the H or V polarized
photon emissions. Indeed, Mun˜oz et al. [48] found that
under specific conditions the resulting two-photon state
is close to the ΨBS. Here we will show that ΨBS entan-
glement occurs under various conditions, but also ΦBS
entanglement is supported by a driven FLE system.
To create entangled photon states in an optimal way,
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2the FLE is embedded inside a microcavity. By this, the
coupling to the cavity enhances the light-collection effi-
ciency and the photon emission rate due to the Purcell
effect [39, 49]. Additionally, the energetic placement of
the cavity modes can have a profound impact on the re-
sulting degree of entanglement. By placing the cavity
modes in resonance with a two-photon transition of the
emitter [26, 29, 30, 44, 48, 50] direct two-photon emission
processes dominate over sequential single-photon ones.
Since the direct two-photon emission is much less affected
by a possible which-path information this configuration
results in a high degree of entanglement of the emitted
photon pairs [29, 30], at least at low temperature [26].
III. DRIVEN FOUR-LEVEL EMITTER
A. Bare state picture
We consider an externally driven FLE embedded inside
a microcavity, adopting the model from Ref. [48]. The
FLE comprises the energetic ground state |G〉 at energy
0, two degenerate intermediate states |XH/V〉 with energy
~ωX, and the upper state |XX〉 at energy 2~ωX − EB.
Note that it is quite common to find the state |XX〉 not
exactly at twice the energy of the single excited states,
which in quantum dots is known as the biexciton binding
energy [2, 50, 51]. Optical transitions which involve the
state |XH〉 (|XV〉) are evoked by horizontally (vertically)
polarized light. Following Ref. [48], we assume the fine-
structure splitting between these two intermediate states
to be zero. A sketch of the FLE is shown in Fig. 1(left).
The Hamiltonian of the FLE reads
HˆFLE = ~ωX (|XH〉〈XH|+ |XV〉〈XV|) (3)
+ (2~ωX − EB) |XX〉〈XX|.
The FLE is continuously driven by an external laser with
frequency ωL and driving strength Ω. The laser driving is
assumed to be linearly polarized, such that the H and V
polarized transitions are driven with equal strength en-
suring that there is no preferred polarization and, conse-
quently, no which-path information is introduced by the
external laser. In the frame co-rotating with the laser
frequency ωL the corresponding Hamiltonian reads
HˆL = Ω
(
σˆD + σˆ
†
D
)
; σˆD = (σˆH + σˆV) /
√
2 (4)
with the transition operators
σˆH = |G〉〈XH|+ |XH〉〈XX|, (5a)
σˆV = |G〉〈XV|+ |XV〉〈XX| . (5b)
We fix the laser frequency to ~ωL = (2~ωX−EB)/2, such
that the energetic detuning between emitter transitions
and laser is set to
∆0 := ~ (ωX − ωL) = EB
2
. (6)
X XH V
XX
L
N
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FIG. 1. Left: Sketch of the FLE including optical selection
rules for transitions with either horizontally (H) or vertically
(V ) polarized light. In addition, an external laser field excites
the system. Right: Sketch of the laser-dressed states.
By this, we resonantly drive the two-photon transition
between ground state |G〉 and upper state |XX〉.
The FLE is embedded inside a microcavity and cou-
pled to two orthogonal linearly polarized cavity modes
with energies ~ωcH and ~ωcV, which we assume to be en-
ergetically degenerate, i.e., ωc := ω
c
H = ω
c
V. The cavity
mode is best defined with respect to the driving laser fre-
quency (or the two-photon resonance to |XX〉) via the
cavity laser detuning
∆ := ~ (ωc − ωL) = ~ωc − (~ωX −∆0) . (7)
The Hamiltonian describing the cavity modes and their
interaction with the FLE reads
Hˆc =
∑
`=H,V
∆aˆ†` aˆ` + HˆFLE-c. (8)
In matrix form, using the basis |XX〉, |XH〉, |XV〉, and
|G〉, the interaction Hamiltonian is given as
HˆFLE-c =

0 gaˆH gaˆV 0
gaˆ†H 0 0 gaˆH
gaˆ†V 0 0 gaˆV
0 gaˆ†H gaˆ
†
V 0
 , (9)
where the emitter-cavity coupling constant g is assumed
equal for all transitions. The bosonic operators aˆ†H/V
(aˆH/V) create (annihilate) one cavity photon with fre-
quency ωc and H/V polarization. Note that Hˆc is again
written in the rotating frame. From the interaction
Hamiltonian we can already see that in the un-driven
situation the cascade from the state |XX〉 into the state
|G〉 can only go via the emission of two H or two V polar-
ized photons and therefore can result exclusively in the
generation of ΦBS entanglement.
B. Laser-dressed states
The creation of entangled two-photon states is facili-
tated by resonant transitions between quantum states of
the FLE with the emission of two photons. Further anal-
ysis of the system dynamics reveals that such transitions
3take place not between the original FLE basis states but
between the dressed states of the laser driven FLE, ob-
tained by diagonalizing HˆFLE + HˆL. For the diagonaliza-
tion we go into a frame rotating with the laser frequency
ωL. The eigenenergies of the dressed states read
EU =
1
2
(
∆0 +
√
∆20 + 8Ω
2
)
(10a)
EM = ∆0 (10b)
EN = 0 (10c)
EL =
1
2
(
∆0 −
√
∆20 + 8Ω
2
)
(10d)
and the corresponding laser-dressed states are
|U〉 = c (|G〉+ |XX〉) + c˜ (|XH〉+ |XV〉) (11a)
|M〉 = 1√
2
(|XH〉 − |XV〉) (11b)
|N〉 = 1√
2
(|G〉 − |XX〉) (11c)
|L〉 = c˜ (|G〉+ |XX〉)− c (|XH〉+ |XV〉) (11d)
with the coefficients
c =
2Ω√
8Ω2 +
(
∆0 +
√
∆20 + 8Ω
2
)2 , c˜ =
√
1
2
− c2 .
A sketch of the four laser-dressed states is given in Fig. 1
(right panel). The dependence of the dressed state en-
ergies on the driving strength Ω is illustrated in Fig. 2.
The uppermost |U〉 and the lowest |L〉 states have contri-
butions of all four original (bare) FLE states. In the lim-
iting case of strong driving the contribution coefficients
c and c˜ approach 1/2. On the other hand, the composi-
tion and energies of the intermediate dressed states |M〉
(“middle”) and |N〉 (“null”) are independent of Ω. In
general, the laser-dressed states and the transition ener-
gies between them are functions of Ω. Therefore, also the
cavity frequency associated with a two-photon resonance
between two given dressed states depends on the driving
strength, the only exception being the resonance between
the states |M〉 and |N〉.
The Hamiltonian describing the coupling to the cavity
also changes profoundly by using the dressed state basis
and now reads in the basis |U〉, |M〉, |N〉, |L〉
HˆDS-c =
g

2
√
2cc˜ aˆ†D c aˆ
†
A −c˜ aˆ†D
√
2(c˜2 − c2)aˆ†D
c aˆ†A 0
−1√
2
aˆ†A c˜ aˆ
†
A
c˜ aˆ†D
1√
2
aˆ†A 0 −c aˆ†D√
2(c˜2 − c2)aˆ†D c˜ aˆ†A c aˆ†D −2
√
2c c˜ aˆ†D
+ c.c.
(12)
with aˆ†D = (aˆ
†
H + aˆ
†
V)/
√
2 and aˆ†A = (aˆ
†
H − aˆ†V)/
√
2 being
the creation operators in the diagonal and anti-diagonal
polarization, respectively.
FIG. 2. Energies of the laser dressed states (in the units
of the emitter-laser detuning ∆0) as a function of the driv-
ing strength Ω (in the units of the emitter-cavity coupling
strength g).
One notes that the two-photon transitions between the
dressed states can follow different pathways that connect
those states. Considering as an example the transition
from |U〉 to |L〉, one path is to emit two photons with
anti-diagonal polarization A via the intermediate state
|M〉, while another path is a self interaction within |U〉
and then a direct transition to |L〉 via emission of two
diagonally D-polarized photons. This already indicates
that due to the constant optical driving it is not clear
a priori, which entanglement type occurs. We will show
below that new types of entanglement become possible
and analyze their respective strength.
C. Cavity losses and radiative decay
To account for cavity losses and radiative decay,
present in every FLE-cavity system, we introduce
Lindblad-type operators
LOˆ,Γ ρˆ =
Γ
2
(
2OˆρˆOˆ† − ρˆOˆ†Oˆ − Oˆ†Oˆρˆ
)
, (13)
where Oˆ is the system operator associated with a loss
process with corresponding loss rate Γ in the bare state
system. The dynamics of the statistical operator of the
system ρˆ is then determined by the Liouville-von Neu-
mann equation
d
dt
ρˆ =Lρˆ := − i
~
[
Hˆ, ρˆ
]
+
∑
`=H,V
{
Laˆ`,κ + L|G〉〈X`|,γ + L|X`〉〈XX|,γ
}
ρˆ,
(14)
where [·, ·] denotes the commutator, κ is the cavity loss
rate, and γ the radiative decay rate. The complete sys-
tem Hamiltonian Hˆ includes all contributions discussed
in Sec. III A. The system is assumed initially in the
ground state |G〉 without any cavity photons. Note that
we performed all numerical calculations in the rotating
frame with the laser frequency ωL and use the bare state
4TABLE I. Fixed system parameters used in the calculations.
Parameter Value
Emitter-cavity coupling strength g 0.051 meV
Detuning ∆0 20g = 1.02 meV
Cavity loss rate κ 0.1g/~ ≈ 7.8 ns−1
Radiative decay rate γ 0.01g/~ ≈ 0.78 ns−1
system, while for the interpretation the dressed state pic-
ture is advantageous.
The parameter values used in our simulations are listed
in Table I, where we followed Ref. [48]. The frequency of
the cavity mode is taken to ~ωc = 1.5 eV. The adopted
parameter values correspond to a high quality cavity res-
onator with Q = 1.5× 105.
IV. PHOTON ENTANGLEMENT
A. Two-photon density matrix
The basis for quantifying the degree of entanglement is
the determination of the two-photon density matrix ρ2p.
Experimentally, ρ2p can be reconstructed using methods
of quantum state tomography [52], a technique based
on polarization-resolved two-time coincidence measure-
ments. The detected signals are proportional to the two-
time correlation functions
G
(2)
jk,lm(t, τ) =
〈
aˆ†j(t)aˆ
†
k(t+ τ)aˆm(t+ τ)aˆl(t)
〉
, (15)
where {j, k, l,m} ∈ {H,V }, t is the real time when the
first photon is detected, and τ the delay time between
the detection of the first and the second photon. Note
that in experiments one typically measures photons that
have already left the cavity. However, considering the
out-coupling of light out of the cavity to be a Markovian
process, Eq. (15) can also describe G
(2)
jk,lm(t, τ) measured
outside the cavity [10, 27].
In experiments data is typically averaged over finite
real time and delay time windows. Thus, the experimen-
tally reconstructed two-photon density matrix is calcu-
lated as [27, 48]
ρ2pjk,lm(τ) =
G
(2)
jk,lm(τ)
Tr
{
G
(2)
(τ)
} , (16)
where G
(2)
is the time-averaged correlation with
G
(2)
jk,lm(τ) =
1
∆t τ
t0+∆t∫
t0
dt
τ∫
0
dτ ′G(2)jk,lm(t, τ
′) . (17)
Here, τ (∆t) is the delay time (real time) window used in
the coincidence measurement and t0 is its starting time.
The trace Tr{·} is introduced for normalization. For sim-
plicity we refer to ρ2p as the two-photon density matrix
in the following.
Throughout this work we calculate the two-photon
density matrix for the system that reached its steady
state so that the t-average is independent of t0 and
∆t. The steady state of the system ρˆs is defined by
d
dt ρˆs = Lρˆs = 0. This state is obtained numerically
by letting the system evolve in time until its density ma-
trix becomes stationary. We will further set τ = 50 ps,
which is a realistic value for the delay time window used
in experiment [53]. More details on the calculation of
the two-time correlation functions for systems including
Markovian loss processes can be found in Ref. 54.
B. Concurrence
Using the two-photon density matrix we determine the
corresponding concurrence C [55], which is a widely ac-
cepted measure for the degree of entanglement of a bipar-
tite system. The concurrence is calculated from a given
two-photon density matrix ρ2p according to [44, 52, 55]
C = max
{
0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4
}
(18)
where λj are the (real and positive) eigen-values in de-
creasing order, λ1 ≥ λ2 ≥ λ3 ≥ λ4, of the matrix
M = ρ2p T (ρ2p)∗ T, (19)
where T is an anti-diagonal matrix of rank 4 with el-
ements {−1, 1, 1,−1} and (ρ2p)∗ is the complex conju-
gated two-photon density matrix. In the standard situ-
ation without driving, where only a ΦBS |Φ±〉 can be
generated, the full expression for the concurrence re-
duces to C = 2|ρ2pHH,V V |. Thus, the degree of entangle-
ment is closely related to the corresponding coherences in
the two-photon density matrix. Note that like the two-
photon density matrix ρ2p(τ) also the concurrence C(τ)
depends on the measurement window τ . A finite de-
lay time window τ is necessary for the detection of ΨBS
entanglement since the two contributions that build up
|Ψ+〉 in Eq. (2) can only be distinguished if the two pho-
tons are detected at different times [48].
For the numerical calculation of the concurrence we use
the following procedure: First, following Ref. [54], the
averaged two-time photon correlation G
(2)
is calculated.
This quantity is then used to obtain the time-averaged
two-photon density matrix in Eqs. (16). Finally from
the two-photon density matrix the concurrence is deter-
mined according to Eq. (18). Note that we do not use
any further approximations in the calculation of G
(2)
.
5FIG. 3. (a) Concurrence as function of the laser driving strength Ω for the full model (solid line) and the analytic approximation
C(r) presented in Eq. (27) (dotted line). Inset: Dressed state energies as a function of the driving strength and the two-photon
resonant cavity modes (green arrows) for three selected Ω values. (b)-(d) Absolute value of the two-photon density matrix
|ρ2p(τ)| for driving strength (a) Ω1 = 8g, (b) Ω2 = 12.25g and (c) Ω3 = 30g (indicated by vertical lines in (a)).
V. TWO-PHOTON TRANSITION BETWEEN
UPPER AND LOWER DRESSED STATE
The emission of entangled two-photon states is asso-
ciated with two photon transitions between the dressed
FLE states. The dressed FLE states feature two-photon
emissions, which are largest every time the cavity fre-
quency is tuned in resonance with a possible two-photon
transition, i.e., when twice the photon energy (here ∆) is
equal to the transition energy between the dressed state
pairs. Therefore, the analysis is focused on these reso-
nant situations.
We start our analysis with the case where the cavity
photons are in resonance with the transition between the
states |U〉 and |L〉, i.e., the cavity frequency is always
tuned such that
∆ =
EU − EL
2
=
1
2
√
∆20 + 8Ω
2. (20)
Notice, that keeping this condition requires the cavity fre-
quency ωc to change with the driving strength Ω. This
resonance for a driven FLE was considered in earlier
works [48], where a possibility to achieve a high degree of
ΨBS entanglement was demonstrated. Here we demon-
strate that ΨBS entanglement is not the only type of
two-photon entanglement that can be obtained. It will be
shown that by varying the driving strength (while keep-
ing the system at the considered resonance) the FLE can
reach the domain of ΦBS entanglement, separated from
that of the ΨBS by a special critical point of zero con-
currence.
A. Transition between ΦBS and ΨBS entanglement
The concurrence as a function of the driving strength
Ω is shown in Fig. 3(a), where the inset illustrates the
resonance in question. In full agreement with earlier cal-
culations [48] one observes ΨBS entanglement when the
driving is strong. However, when the driving strength is
lowered the entanglement changes its type to ΦBS en-
tanglement. A sharp transition between the two types
occurs at a special critical point Ω ≈ 12.25g where the
concurrence is exactly zero. The ΦBS entanglement ob-
tained for weak driving reflects the fact that for small
Ω the system approaches the undriven case. Recalling
that ΨBS entanglement has been found in Ref. [48] for
higher Ω, it is clear that a transition has to take place in
between.
More insight into the entanglement change is obtained
by calculating the corresponding two-photon density ma-
trices as presented in Fig. 3(b) for the driving strength
Ω1 = 8g and Fig. 3(d) Ω3 = 30g. At Ω1 the occu-
pations of the states |HH〉 and |V V 〉 and their coher-
6ence clearly dominate over the remaining elements rep-
resenting ΦBS entanglement. A very different behavior is
found at Ω3 = 30g, where the occupations of the states
|HV 〉 and |V H〉 and the corresponding coherences ex-
hibit the highest values and, consequently, are associated
with ΨBS entanglement.
Let us now focus on the special point at Ω2 = 12.25g.
The two-photon density matrix at the special point,
shown in Fig. 3(c), reveals that the concurrence does not
vanish because of the absence of coherences. On the con-
trary, all coherences are close to their maximal possible
value of about 0.25. Further analysis reveals that the
corresponding two-photon state is
|ψsp〉 =1
2
(|HH〉 − |HV 〉 − |V H〉+ |V V 〉)
=
1√
2
(|H1〉 − |V1〉) 1√
2
(|H2〉 − |V2〉) .
(21)
Remarkably, this is a pure state and |ψsp〉 can be factor-
ized into a product of two one-photon states describing
the first and second detected photon, respectively (in-
dicated by 1 and 2). Since |ψsp〉 can be factorized, it
is not entangled and, thus, the concurrence vanishes at
this point. Therefore, instead of a direct transition from
high ΦBS to high ΨBS entanglement the system passes
through this special point with vanishing degree of en-
tanglement.
We note that the special point occurs at a distinct
resonance condition. Beside the two-photon transition
between the two outermost dressed states, also the one-
photon process between the intermediate states |M〉 and
|N〉 state becomes resonant.
B. Effective Hamiltonian of the system at the
resonance
In order to understand the underlying physics of the
crossover between the entanglement types we derive an
effective Hamiltonian that describes the most relevant
transition processes involving the |U〉 and |L〉 states. To
be more specific, we account only for the uppermost state
without photons |U, 0, 0〉 and the lowest states with two
photons |L, 1, 1〉, |L, 2, 0〉, and |L, 0, 2〉. Here, |χ, nH, nV〉
is the product state of |χ〉 ∈ {|U〉, |M〉, |N〉, |L〉} and the
photon number state for H and V polarization.
Besides the direct two-photon transitions, there are
several other possibilities to go from the initial to the
final states. One example are subsequent one photon
transitions, either going via one of the intermediate states
or by a self-interaction and then a one-photon process.
Also, from the final states, a sequential photon emission
and absorption (or the other way around) can take place.
These processes are depicted in Fig. 4. Therefore, the
states mentioned above are coupled to a bunch of other
states, namely the one-photon states |χ, 1, 0〉, |χ, 0, 1〉 and
the three-photon states |χ, 3, 0〉, |χ, 2, 1〉, |χ, 1, 2〉, and
U
subsequent
emisson of
photons
direct
two
photon
emission
1,1
coupling to 
other photon states
0,0
0,22,0
M
N
L
FIG. 4. Schematic depiction of the possible transitions con-
necting |U, 0, 0〉 to the two-photon states |L, 1, 1〉, |L, 2, 0〉, and
|L, 0, 2〉. All but the direct two-photon emission process (bold
orange arrow) are eliminated in the Schrieffer-Wolff transfor-
mation.
|χ, 0, 3〉 (with χ ∈ {U,M,N,L}), while the latter can be
reached in sequential emission/absorption processes.
Using a Schrieffer-Wolff transformation, it is now possi-
ble to encode these transitions into a single matrix, acting
only within the basis spanned by the direct two-photon
transitions, i.e., |U, 0, 0〉, |L, 1, 1〉, |L, 2, 0〉, and |L, 0, 2〉
[56, 57]. A Schrieffer-Wolff transformation thereby per-
forms a block-diagonalization, which decouples the de-
sired states from the rest. This is reasonable, because the
removed states are strongly off-resonant in this situation
and, thus, represent a small perturbation. More details
on the Schrieffer-Wolff transformation can be found in
App. A.
After the Schrieffer Wolff-transformation, which is
treated within the photon number states, we after-
wards perform additionally a basis transformation to
rotate the system partially into the Bell basis with
{|U, 0, 0〉, |L, 1, 1〉, |L,Φ+〉, |L,Φ−〉}. In this representa-
tion |L, 1, 1〉 corresponds to the possibility of ΨBS en-
tanglement, where two photons are generated such that
one is H- and the other V -polarized. However, without
further analysis, we cannot distinguish between Ψ±BS
entanglement. The effective Schrieffer-Wolff Hamiltonian
is then given by
ˆ˜H
(2)
UL = g
2

δUL γUL1 −γUL2 0
γUL1 −δUL αUL 0
−γUL2 αUL −δUL 0
0 0 0 −δUL
 (22)
with
δUL =
(
c˜2 − c2)( 2
∆0
+
4
∆UL
)
γUL1 = 4cc˜
1
∆0
− 16cc˜ (c˜2 − c2) 1
∆UL
γUL2 = 16cc˜
(
c˜2 − c2) 1
∆UL
αUL =
1
∆0
− (1− 16c2c˜2) 1
∆UL
.
7−0.5
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FIG. 5. Effective coupling constantes γUL1 and γ
UL
2 and the
ration r = γUL1 /γ
UL
2 as function of driving strength Ω.
The given expressions contain only the most important
contributions. The full expressions can be found in
App. A 1. It is interesting to note that the coefficients
γUL1/2 stem from the subsequent emission of two single
photons (faded orange arrows in Fig. 4) and simulta-
neous two-photon emission, while αUL accounts for the
fact that from the two photon states, coupling to higher
(lower) photon states can take place and therefore couple
different types of two-photon states (faded red arrows in
Fig. 4). An example for the latter case is the coupling
of |L, 2, 0〉 → |L, 2, 1〉, followed by a photon number re-
duction via |L, 2, 1〉 → |L, 1, 1〉 illustrating why different
two-photon states are coupled.
From this Hamiltonian, we can now deduce which type
of entanglement is created: First of all we find that the
state |L,Φ−〉 is decoupled, such that we see that photons
with this type of entanglement are not created. In con-
trast, the initial state |U, 0, 0〉 is coupled to the |L,Φ+〉
state via γUL2 and to the state |L, 1, 1〉 via γUL1 . Therefore
in principle both ΦBS and ΨBS entanglement can be cre-
ated. The different types of entangled states are coupled
via the coefficient αUL, however, we will for now neglect
this coupling (see discussion at the end of the next sec-
tion). Which type of entanglement dominates depends
on the ratio
r =
γUL1
γUL2
= 4
(
Ω
∆0
)2
− 1
2
. (23)
This means, we obtain preferably ΦBS entanglement,
when γUL2 > γ
UL
1 (or |r| < 1), and preferably ΨBS
entanglement if γUL2 < γ
UL
1 (or |r| > 1). Figure 5
displays the ratio r as well as the couplings γUL1 and γ
UL
2
as a function of the driving strength Ω. Indeed, r = 1
corresponds to Ωsp =
√
3/8∆0 and we obtain our special
point, when both types of entanglement are occurring
with equal weight and we have zero concurrence since
their superposition results in a factorizable state.
C. Approximate two-photon density matrix
Further insight is obtained by calculating the two-
photon density matrix assuming the delay window τ is
small and can be neglected so that
ρ2pjk,lm(τ) ≈ NTr
{
aˆm aˆl ρˆs aˆ
†
j aˆ
†
k
}
(24)
where N is a normalization constant and ρˆs describes the
steady state of the system. Note that only states with
at least two photons inside the cavity contribute to the
two-photon density matrix. Neglecting the coupling αUL
in the effective Hamiltonian (22) and performing another
basis transformation, one finds that the only two-photon
state coupled to |U, 0, 0〉 is
|ψs〉 = 1√(
γUL1
)2
+
(
γUL2
)2 (γUL1 |L, 1, 1〉 − γUL2 |L,Φ+〉) .
(25)
Therefore, in this approximation, also the contribution
to the steady state which contains two photons inside
the cavity should be proportional to |ψs〉. Consequently,
the approximate normalized two-photon density matrix
can be calculated by inserting ρs = |ψs〉〈ψs| into Eq. (24)
which results in
ρ2papprox =
1
2(1 + r2)

1 −r −r 1
−r r2 r2 −r
−r r2 r2 −r
1 −r −r 1
 , (26)
For this simplified density matrix, we can analytically
calculate the concurrence C [Eq. (18)] to
C(r) =
|1− r2|
1 + r2
. (27)
In Fig. 3(a) the approximate result C(r) is included as
a dotted line. The approximate solution agrees quite
well with the numerical results. This underlines the idea
that the concurrence depends essentially on the ratio r.
Also for the approximate solution we have the special
point at r = 1 and the regions of high entanglement and
the corresponding type of entanglement can be directly
extracted from the analytical result. Below the special
point we have |r| < 1, therefore, r2 < |r|, resulting in
a density matrix of ΦBS entanglement. The maximum
concurrence value appears around Ω = 1
2
√
2
∆0 ≈ 7.1g
where the ratio r passes through zero. Above Ωsp, we
have r ≥ 1 and r2 > r. Thus, in this regime one obtains
ΨBS entanglement in the two-photon density matrix.
We now discuss the deviations between the numerical
and the approximate result for the concurrence. One ob-
vious reason for the difference is the obmission of the cou-
pling between the two-photon states (via one- or three-
photon states), as indicated by αUL in Eq. (22). This cou-
pling mixes ΦBS and ΨBS, such that in the full model,
the total obtained concurrence is reduced. Nonetheless,
8neglecting αUL for the analysis is reasonable, when taking
the cavity losses into account. By analysing the values
of αUL and γUL, we find that these are always smaller
than the cavity loss rate κ. This means that the losses
relax the system before the coupling between the dif-
ferent photon states becomes efficient. Another reason
for the deviations is that for low driving strength values,
other transitions between the laser-dressed states besides
the discussed direct two-photon one become important as
they get closer to resonance.
VI. ENTANGLEMENT AT THE OTHER
TWO-PHOTON TRANSITIONS
Having discussed the transition between |U〉 and |L〉,
we now want to examine the behavior of the other two-
photon resonances. In particular, there are three other
two-photon resonances matching the transitions between
the corresponding dressed states (given by ∆χ1χ2 =
Eχ1 − Eχ2) in the system at
∆UM
2
=
∆NL
2
=
1
4
(√
∆20 + 8Ω
2 −∆0
)
∆UN
2
=
∆ML
2
=
1
4
(√
∆20 + 8Ω
2 + ∆0
)
∆MN
2
=
∆0
2
.
Therefore, to sweep through the respective resonances,
we now fix the driving strength and vary the cavity laser
detuning ∆. The corresponding concurrence is calculated
and the results are shown in Fig. 6 for four different driv-
ing strength Ω = 8g, 12.25g, 30g, and 40g.
The type of entanglement is encoded in the color:
Blue lines are for ΦBS and red lines for ΨBS entangle-
ment. On first sight, we find that both types of en-
tanglement occur when we vary ∆. In addition to a
strong concurrence at the four two-photon resonances,
we find several other cavity detuning values with non-
vanishing concurrence. We can attribute these to the
one-photon resonances U |M and N |L and several three-
photon resonances, which occur between the respective
states. Accordingly, we have labeled all resonances by np
χ1|χ2, which denotes the n-photon resonances between
the laser-dressed states |χ1〉 and |χ2〉.
Figure 6(e) shows the dressed states as a function of
the driving strength and we used colored arrows to mark
the different two-photon resonances. The same colors
are used to indicate the position of the two-photon res-
onances in Figs. 6(a)-(d). Before we will go through the
two-photon resonances one-by-one (note that we already
discussed the 2p U |L resonance), let us briefly remark
some general findings:
While some n-photon transitions are always associated
with the same type of entanglement, others can change
from one to the other. This change may happen as a
result of changing the cavity laser detuning or the driv-
ing strength. Furthermore, in between some of the reso-
nance conditions the concurrence value stays at a finite
level, whereas it passes through zero in other situations.
A striking feature is the appearance of a second special
point with vanishing concurrence between regions of high
entanglement when the cavity laser detuning is approxi-
mately ∆ ≈ ∆UM/2 = ∆NL/2, which we will discuss in
detail in Sec. VI B.
Next, we will go through the two-photon resonances
one-by-one. For each two-photon resonance we perform
a Schrieffer-Wolff transformation, followed by a rotation
of the states, such that each Hamiltonian in the following
is given in the basis
{|χ1, 0, 0〉, |χ2, 1, 1〉, |χ2,Φ+〉, |χ2,Φ−〉} (28)
with χ1 being the higher energy state and χ2 being the
lower energy state of the 2p χ1|χ2 resonance. More de-
tails on the Schrieffer-Wolff transformation are given in
App. A.
A. Two-photon M |N resonance
We start by looking at 2p M |N , which is the only two-
photon transition for which the resonance condition does
not depend on the driving strength. The corresponding
transitions are marked by a light green line in Fig. 6.
At this resonance the concurrence always displays ΦBS
entanglement. While the concurrence is mostly maximal
at the resonance, we find a decrease in strength at the
maximum at Ω = 12.25g.
We use the Schrieffer-Wolff transformation to obtain
the effective Hamiltonian
ˆ˜H
(2)
MN = g
2

δMN 0 0 γMN2
0 −δMN −δMN 0
0 −δMN −δMN 0
γMN2 0 0 −δMN
 (29)
with
δMN = 2
(
c˜2 − c2) 1
∆UL
γMN2 = −4 c c˜
1
∆UL
.
Note that these are shortened expressions and the full
expressions can be found in App. A 2. From the Hamilto-
nian, it is obvious that the initial state is only coupled to
the final state |N,Φ−〉, while the other two-photon states
become uncoupled. This is in agreement with Fig. 6,
where we only find ΦBS at the 2p M |N resonance.
The smaller height in concurrence at Ω = 12.25g
(see also Fig. 6(f)), can be traced back to the occur-
rence of several resonance conditions at the same driv-
ing strength, in particular the one-photon transitions
1p U |M and 1p N |L. This is confirmed by looking at
the mean photon number 〈n〉 = 〈aˆ†HaˆH + aˆ†VaˆV〉 as dis-
played in Fig. 6(f). The alignment of several resonance
9FIG. 6. Concurrence as function of the cavity laser detuning ∆ for fixed values of the external laser driving (a) Ω = 8g, (b)
Ω = 12.25g, (c) Ω = 30g, and (d) Ω = 40g. The color code indicates the type of entanglement: blue curves symbolizes ΦBS and
red curves are ΨBS entanglement. The vertical lines mark the position of photon resonances labeled by np χ1|χ2. (e) Energy
of the laser-dressed states as a function of the driving strength Ω marking the four selected two-photon resonance conditions
which correspond to the two-photon resonances of the same color in panels (a)-(d). (f) Concurrence and mean photon number
〈n〉 for Ω = 12.25g in the vicinity of ∆ = ∆MN/2.
conditions causes the peak to split into two separate reso-
nances, as indicated by the mean photon number. Due to
the additional one-photon resonances three-photon states
with all four possible combinations of polarized photons
gain a noticeable population and the extracted (two-
photon) coherence ρ2pHH,VV reaches only about half the
value of the occupations ρ2pHH,HH and ρ
2p
VV,VV. As a re-
sult, the degree of entanglement is strongly reduced.
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B. Two-photon U |M and two-photon N |L resonance
Next we consider the two-photon resonances between
the laser-dressed states |U〉 and |M〉, and between |N〉
and |L〉, which have the same energy. In Fig. 6, these res-
onances are indicated by a dark green line. From Fig. 6,
we see that here always a sharp transition between ΦBS
and ΨBS entanglement takes place. This is highlighted
in Fig. 7(a), which presents a closer look at this reso-
nance condition for Ω = 30g. Figure 7(b)-(d) display
the corresponding two-photon density matrices for three
selected detuning values. With rising cavity laser detun-
ing the entangled state created inside the cavity changes
from ΦBS to ΨBS entanglement, passing trough a spe-
cial point at ∆ ≈ 0.836∆0 where the concurrence drops
to zero.
Here, we have two transitions, for which the corre-
sponding Schrieffer-Wolff analysis yields the Hamiltoni-
ans
ˆ˜H
(2)
UM = g
2

δUM1 − δUM2 0 0 γUM2
0 δUM3 α
UM 0
0 αUM δUM3 0
γUM2 0 0 δ
UM
3
 (30)
and
ˆ˜H
(2)
NL = g
2

δUM1 − δUM2 γNL1 γNL2 0
γNL1 δ
NL
3 α
NL 0
γNL2 α
NL δNL3 0
0 0 0 δNL3
 (31)
with the coefficients given in App. A 3. While the Hamil-
tonian ˆ˜H
(2)
UM has the same form as
ˆ˜H
(2)
MN in Eq. (29), the
Hamiltonian ˆ˜H
(2)
NL has a form similar to
ˆ˜H
(2)
UL in Eq. (22).
From the effective Hamiltonian, it is evident that the
isolated 2p U |M resonance supports only ΦBS entangle-
ment, while the isolated 2p N |L resonance has competing
channels for both ΦBS and ΨBS entanglement. From the
coefficients, we can deduce the strengths of the compet-
ing channels, finding that
|γNL1 | = |γNL2 |+
2
√
2c˜
2∆0 + ∆UM
. (32)
Therefore the ratio γNL1 /γ
NL
2 is always larger than 1 and
the preferred type of entanglement for the 2p N |L reso-
nance is always ΨBS entanglement.
A zoom in around the two-photon transition at ∆ =
∆UM/2, presented in Fig. 7(a) for Ω = 30g, shows clearly
that two peaks appear, a ΦBS one and a ΨBS one. The
approximate position of these peaks can be determined
by the diagonal elements of the Schrieffer-Wolff Hamilto-
nians in Eq. (30) and Eq. (31). Due to the transforma-
tion, diagonal elements appear encoded by δχ1χ2j , which
slightly shift the resulting resonance, such that now we
have the resonances for the 2p U |M transition with ΦBS
FIG. 7. (a) Concurrence and mean photon number 〈n〉
for Ω = 30g. Vertical lines indicate the position of ∆˜UM
(Eq. (33)) and ∆˜NL (Eq. (34)). (b)-(d) Absolute values of the
two-photon density matrices |ρ2p(τ)| for ∆ as indicated.
entanglement at
∆˜UM =
1
2
(
∆UM + (δ
UM
1 − δUM2 )− δUM3
)
(33)
and the 2p N |L transition with ΨBS entanglement at
∆˜NL =
1
2
(
∆UM + (δ
UM
1 − δUM2 )− δNL3
)
. (34)
The values of the different δχ1χ2j are given in App. A 3.
Indeed, the position of the peak maxima visible in Fig. 7
agree well with these shifted resonances (indicated by
vertical lines). This interpretation is confirmed by the
mean photon number 〈n〉 (dotted line in Fig. 7) which
also displays two separate maxima, indicating two close-
by resonances [cf., Fig. 7(a)].
Also, the δχ1χ2j depend sensibly on the driving strength
Ω. For a driving strength being smaller than Ωm =√
3∆0 ≈ 34.6g we find that ∆˜UM < ∆˜NL, while for
Ω > Ωm this order is reversed. Therefore, in Fig. 6(d)
for a driving strength Ω = 40g the arrangement of ΨBS
and ΦBS entanglement is swapped.
In between the regions of ΦBS and ΨBS entanglement
we have the special point at (∆˜UM + ∆˜NL)/2. From the
density matrix at this special point [cf. Fig. 7(c)], we see
that the concurrence does not vanish due to the lack of
coherences. We find that at the special point the gen-
erated two-photon state is essentially the superposition
of the two density matrices created by each transition
individually with
ρ2psp2 =
1
2
12

0 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0
+ 12

1 0 0 −1
0 0 0 0
0 0 0 0
−1 0 0 1

 (35)
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This can be rewritten into
ρ2psp2 =
1
2
|ψ(+)sp2 〉〈ψ(+)sp2 |+
1
2
|ψ(−)sp2 〉〈ψ(−)sp2 |, (36)
with
|ψ(±)sp2 〉 =
1√
2
(|H1〉 ± i|V1〉) 1√
2
(|H2〉 ± i|V2〉) . (37)
Thus, the density matrix can be written as a mixed state,
where both contributing states are products of two one-
photon states, i.e., the states are factorizable states, and,
accordingly, the corresponding concurrence vanishes.
We emphasize that this is a different type of special
point than the one discussed in Sec. V A where the sys-
tem approaches a pure factorizable state. Another differ-
ence in comparison to the 2p U |L resonance can be found
in the limit Ω→∞. While the concurrence obtained at
the 2p U |L resonance approaches a high finite value and
becomes independent of the driving strength, the concur-
rence for the 2p U |M and 2p N |L resonances approach
zero. In the limiting case the difference ∆˜UM− ∆˜NL van-
ishes and, therefore, the two resonances merge together
and the different types of entanglement cancel each other.
C. Two-photon U |N and two-photon M |L resonance
Finally, we analyze the remaining two resonances
2p U |N and 2p M |L. In Fig. 6 we see that always ΦBS
occurs at this transition.
The analysis with the Schrieffer-Wolff transformation
results in a similar situation as discussed in the previous
subsection VI B: The Hamiltonian of the 2p M |L transi-
tion has the same form as the 2p U |M transition [Eq. (30)
or also Eq. (29)] and therefore promotes exclusively ΦBS
entanglement. On the other hand, the Hamiltonian of the
2p U |N transition has the same form as the 2p N |L tran-
sition [Eq. (31) or also Eq. (22)] and therefore promotes
both ΦBS and ΨBS entanglement. The dominating type
of entanglement depends on the ratio of γUN1 to γ
UN
2 , but
also on the splitting from the other resonances given by
the diagonal elements δχ1χ2j . For small driving strength
values Ω < 20g the 2p U |N transition dominates the
dynamics and the resulting entanglement is ΦBS entan-
glement. For larger Ω both two-photon resonances be-
come of equal importance and a transition between ΦBS
and ΨBS entanglement is expected, similar to the results
presented in Sec. VI B. But, in contrast to the previous
section, here, the splitting of the two peaks is too small
for the given driving strength values, therefore, we only
observe ΦBS entanglement in Fig. 6.
The corresponding Hamiltonians and constants are
given in App. A 4.
VII. CONCLUSION
In conclusion, we have investigated the possible types
of entanglement generated by a driven four-level emitter
–cavity system. We found that two different types of
entanglement can occur, which we classified as ΦBS and
ΨBS entanglement.
By adjusting the driving strength as well as the cavity
detuning, we found a rich picture showing a finite con-
currence at various transitions. Using a Schrieffer-Wolff
transformation, we were able to give analytical insight
into the occurance of the different types of entanglement
showing that either ΦBS or a mixture of ΦBS and ΨBS
is promoted at the two-photon transitions. Most excit-
ingly, we found special points, where the concurrence, a
measure for the entanglement, drops to zero, though the
corresponding coherences in the two-photon density ma-
trix are not absent. Instead, factorizable (and therefore
not entangled states) are reached.
Seeing that entanglement, being one of the most re-
markable and interesting physical effects that separates
the quantum mechanical from the classical world, can
change its character by just adding an external driving to
a few-level emitter is exciting from a fundamental point
of view and can also lead to new possibilities for using
few-level emitters in quantum information technology.
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A. SCHRIEFFER-WOLFF TRANSFORMATION
For the Schrieffer-Wolff transformation we consider the
FLE-cavity system without losses and use the states
|χ, nH, nV〉 where |χ〉 ∈ {|U〉, |M〉, |N〉, |L〉} is one of
the four laser-dressed states defined in Sec. III B and nH
(nV) denotes the number of photons present in the hor-
izontally (vertically) polarized cavity mode. The direct
two-photon transition from |χ1〉 to |χ2〉 involves only the
states
A : |χ1, 0, 0〉, |χ2, 1, 1〉, |χ2, 2, 0〉, |χ2, 0, 2〉. (A1)
As discussed in Sec. V B, there are also several other
paths to create the two-photon states, thereby coupling
the aforementioned states. These processes are depicted
in Fig. 4 and include the states
B : |χ, 1, 0〉, |χ, 0, 1〉,
|χ, 3, 0〉, |χ, 2, 1〉, |χ, 1, 2〉, |χ, 0, 3〉, (A2)
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where the one- and three-photon states include all four
bare states, i.e., |χ〉 = |U〉, |N〉, |M〉, |L〉. This results
in a 28 × 28 matrix. To reduce this to a 4 × 4 matrix
for the relevant states in subset A [see (A1)], we use a
Schrieffer-Wolff transformation [56, 57]. In the transfor-
mation, we perform a block-diagonalization of the system
Hamiltonian via the unitary transformation
e−SˆHˆeSˆ , (A3)
where Sˆ is an anti-Hermitian operator [56]. After the
decoupling procedure, the states in set B [see (A2)] can
be disregarded as they are insignificant for the system
dynamics. This formalism can be applied here since, for
a given two-photon resonance, where the cavity laser de-
tuning matches half the transition energy between the
states |χ1〉 and |χ2〉, one-photon transition processes be-
tween the laser-dressed states are typically strongly off-
resonant.
In second order the effective Hamiltonian for the states
in set A is then given by Hˆ
(2)
χ1χ2 =
{
H
(2)
a,a′
}
χ1χ2
with the
matrix elements [56]
H
(2)
a,a′ = Ha,a′ (A4)
+
1
2
{∑
b
Ha,bHb,a′
[
1
Ea − Eb +
1
Ea′ − Eb
]}
,
where a runs over the states in subset A, the index b runs
over the states in B, and
Ej = 〈j|Hˆ|j〉 = Eχ + (nH + nV) ∆ (A5)
is the energy of the state |j〉 = |χ, nH, nV〉 ∈ A,B. The
matrix elements are calculated from the system Hamil-
tonian with
Ha,a′ = Eaδa,a′ , (A6)
This term can be dropped since it represents a constant
energy shift as the four states in set A are energetically
degenerate. The remaining matrix elements for a 6= b are
given by the coupling Hamiltonian in the dressed state
basis [Eq. (12)] with
Ha,b = 〈a|HˆDS-c|b〉 (A7)
After the Schrieffer-Wolff transformation we perform a
rotation to the basis
|χ1, 0, 0〉, |χ2, 1, 1〉, |χ2,Φ+〉, |χ2,Φ−〉 (A8)
using
ˆ˜H(2)χ1χ2 = T
†Hˆ(2)χ1χ2T with T =

1 0 0 0
0 1 0 0
0 0 1√
2
1√
2
0 0 1√
2
− 1√
2
(A9)
We performed this procedure for all two-photon reso-
nances.
1. Effective Hamiltonian for the 2p U |L resonance
The effective Hamiltonian is
ˆ˜H
(2)
UL = g
2 (A10)
×

δUL γUL1 −γUL2 0
γUL1 −δUL − δUL3 αUL 0
−γUL2 αUL −δUL − δUL3 0
0 0 0 −δUL − δUL3

in the basis |U, 0, 0〉, |L, 1, 1〉, |L,Φ+〉 and |L,Φ−〉 with
δUL =
(
c˜2 − c2)( 2
∆0
+
4
∆UL
)
δUL3 =
8
(
c˜2 − c2)2
3∆UL
+
2c˜2
∆UL + ∆0/2
+
2c2
∆UL −∆0/2
γUL1 = 4cc˜
1
∆0
− 16cc˜ (c˜2 − c2) 1
∆UL
γUL2 = 16cc˜
(
c˜2 − c2) 1
∆UL
αUL =
1
∆0
− (1− 16c2c˜2) 1
∆UL
− 1
2
δUL3 +
2c˜2
∆UL + ∆0/2
.
2. Effective Hamiltonian for the 2p M |N resonance
The effective Hamiltonian is
ˆ˜H
(2)
MN = g
2 (A11)
×

δMN 0 0 γMN2
0 −δMN + δMN3 αMN 0
0 αMN −δMN + δMN3 0
γMN2 0 0 −δMN + δMN3

in the basis |M, 0, 0〉, |N, 1, 1〉, |N,Φ+〉 and |N,Φ−〉 with
δMN = 2
(
c˜2 − c2) 1
∆UL
δMN3 = −
4c˜2
2∆0 + ∆UL
− 2
3∆0
− 4c
2
2∆0 −∆UL
γMN2 = −4 c c˜
1
∆UL
αMN = −δMN + 1
2
δMN3 +
1
3∆0
.
3. Effective Hamiltonians for the 2p U |M and
2p N |L resonance
The effective Hamiltonian for the 2p U |M resonance is
ˆ˜H
(2)
UM = g
2 (A12)
×

δUM1 − δUM2 0 0 γUM2
0 δUM3 α
UM 0
0 αUM δUM3 0
γUM2 0 0 δ
UM
3
 for
|U, 0, 0〉
|M, 1, 1〉
|M,Φ+〉
|M,Φ−〉
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where
δUM1 = −
16c2c˜2
∆UM
+
2c˜2
2∆0 + ∆UM
+
4(c˜2 − c2)2
2∆0 + 3∆UM
δUM2 = −
2c2
∆UM
+
1
2∆0 + ∆UM
+
2c˜2
2∆0 + 3∆UM
δUM3 = −
4c2
3∆UM
+
2
2∆0 −∆UM +
4c˜2
2∆0 + ∆UM
γUM2 = −
4
√
2c2c˜
∆UM
−
√
2c˜
2∆0 + ∆UM
+
2
√
2
(
c˜2 − c2) c˜
2∆0 + 3∆UM
αUM = −δUM2 −
1
2
δUM3
The effective Hamiltonian for the two-photon transition
between the states |N〉 and |L〉 is given by
ˆ˜H
(2)
NL = g
2 (A14)
×

δUM1 − δUM2 γNL1 γNL2 0
γNL1 δ
NL
3 α
NL 0
γNL2 α
NL δNL3 0
0 0 0 δNL3
 for
|N, 0, 0〉
|L, 1, 1〉
|L,Φ+〉
|L,Φ−〉
with
δNL3 = −
32c2c˜2
∆UM
− 4c
2
3∆UM
− 8(c˜
2 − c2)
2∆0 + 5∆UM
− 4c˜
2
2∆0 + 3∆UM
γNL1 = γ
UM
2
γNL2 = γ
UM
2 +
2
√
2c˜
2∆0 + ∆UM
αNL = −δUM1 +
1
2
δNL3 +
4c˜2
2∆0 + ∆UM
+
4c˜2
2∆0 + 3∆UM
4. Effective Hamiltonians for the 2p U |N and
2p M |L resonance
For the 2p U |N transition we obtain
ˆ˜H
(2)
UN = g
2 (A16)
×

δUN1 − δUN2 γUN1 γUN2 0
γUN1 δ
UN
3 α
UN 0
γUN2 α
UN δUN3 0
0 0 0 δUN3
 for
|U, 0, 0〉
|N, 1, 1〉
|N,Φ+〉
|N,Φ−〉
.
The energies and coupling strengths are
δUN1 = −
16c2c˜2
∆UN
+
2c2
∆UN − 2∆0 +
4
(
c˜2 − c2)2
3∆UN − 2∆0
δUN2 = −
2c˜2
∆UN
+
1
∆UN − 2∆0 +
2c2
3∆UN − 2∆0
δUN3 = −
4c˜2
3∆UN
− 2
2∆0 + ∆UN
− 4c
2
2∆0 −∆UN
γUN1 = −
4
√
2cc˜2
∆UN
−
√
2c
∆UN − 2∆0 −
2
√
2
(
c˜2 − c2) c
3∆UN − 2∆0
γUN2 = γ
UN
1 +
2
√
2c
∆UN −∆0
αUN = δUN2 +
1
2
δUN3 −
2
∆UN − 2∆0 +
2
2∆0 + ∆UN
.
For the 2p M |L transition we have
ˆ˜H
(2)
ML = g
2 (A17)
×

δUN1 − δUN2 0 0 γUN1
0 δML3 α
ML 0
0 αML δML3 0
γUN1 0 0 δ
ML
3
 for
|M, 0, 0〉
|L, 1, 1〉
|L,Φ+〉
|L,Φ−〉
with
δML3 =
8
(
c˜2 − c2)2
2∆0 − 5∆UN −
4c˜2
3∆UN
+
4c2
2∆0 − 3∆UN −
32c2c˜2
∆UN
αML = −δUN1 +
1
2
δML3 +
4c˜2
3∆UN
.
[1] R. Horodecki, P. Horodecki, M. Horodecki, and
K. Horodecki, Rev. Mod. Phys. 81, 865 (2009).
[2] A. Orieux, M. A. M. Versteegh, K. D. Jo¨ns, and S. Ducci,
Rep. Prog. Phys. 80, 076001 (2017).
[3] N. Akopian, N. H. Lindner, E. Poem, Y. Berlatzky,
J. Avron, D. Gershoni, B. D. Gerardot, and P. M.
Petroff, Phys. Rev. Lett. 96, 130501 (2006).
[4] N. Gisin, G. Ribordy, W. Tittel, and H. Zbinden, Rev.
Mod. Phys. 74, 145 (2002).
[5] H.-K. Lo, M. Curty, and K. Tamaki, Nat. Photon. 8,
595 (2014).
[6] L.-M. Duan, M. D. Lukin, J. I. Cirac, and P. Zoller,
Nature 414, 413 (2001).
[7] D. Huber, M. Reindl, J. Aberl, A. Rastelli, and
R. Trotta, Journal of Optics 20, 073002 (2018).
[8] J.-W. Pan, Z.-B. Chen, C.-Y. Lu, H. Weinfurter,
A. Zeilinger, and M. Z˙ukowski, Rev. Mod. Phys. 84,
777 (2012).
[9] C. H. Bennett and D. P. DiVincenzo, Nature 404, 247
(2000).
14
[10] S. C. Kuhn, A. Knorr, S. Reitzenstein, and M. Richter,
Opt. Express 24, 25446 (2016).
[11] A. Zeilinger, Physica Scripta 92, 072501 (2017).
[12] K. Edamatsu, Japanese Journal of Applied Physics 46,
7175 (2007).
[13] M. Mu¨ller, S. Bounouar, K. D. Jo¨ns, M. Gla¨ssl, and
P. Michler, Nat. Photon. 8, 224 (2014).
[14] L. Hanschke, K. A. Fischer, S. Appel, D. Lukin,
J. Wierzbowski, S. Sun, R. Trivedi, J. Vuckovic´, J. J.
Finley, and K. Mu¨ller, npj Quantum Inf. 4, 43 (2018).
[15] D. Huber, M. Reindl, Y. Huo, H. Huang, J. S. Wildmann,
O. G. Schmidt, A. Rastelli, and R. Trotta, Nature Com-
munications 8, 15506 (2017).
[16] M. Reindl, K. D. Jo¨ns, D. Huber, C. Schimpf, Y. Huo,
V. Zwiller, A. Rastelli, and R. Trotta, Nano Lett. 17,
4090 (2017).
[17] P.-L. Ardelt, L. Hanschke, K. A. Fischer, K. Mu¨ller,
A. Kleinkauf, M. Koller, A. Bechtold, T. Simmet,
J. Wierzbowski, H. Riedl, G. Abstreiter, and J. J. Finley,
Phys. Rev. B 90, 241404 (2014).
[18] S. Bounouar, M. Mu¨ller, A. M. Barth, M. Gla¨ssl, V. M.
Axt, and P. Michler, Phys. Rev. B 91, 161302(R) (2015).
[19] M. Gla¨ssl, A. M. Barth, and V. M. Axt, Phys. Rev. Lett.
110, 147401 (2013).
[20] A. M. Barth, S. Lu¨ker, A. Vagov, D. E. Reiter, T. Kuhn,
and V. M. Axt, Phys. Rev. B 94, 045306 (2016).
[21] D. E. Reiter, T. Kuhn, M. Glssl, and V. M. Axt, Journal
of Physics: Condensed Matter 26, 423203 (2014).
[22] A. Debnath, C. Meier, B. Chatel, and T. Amand, Phys.
Rev. B 88, 201305 (2013).
[23] M. Gla¨ssl, A. M. Barth, K. Gawarecki, P. Machnikowski,
M. D. Croitoru, S. Lu¨ker, D. E. Reiter, T. Kuhn, and
V. M. Axt, Phys. Rev. B 87, 085303 (2013).
[24] T. Kaldewey, S. Lu¨ker, A. V. Kuhlmann, S. R. Valentin,
A. Ludwig, A. D. Wieck, D. E. Reiter, T. Kuhn, and
R. J. Warburton, Phys. Rev. B 95, 161302 (2017).
[25] D. E. Reiter, T. Kuhn, and V. M. Axt, Advances in
Physics: X 4, 1655478 (2019).
[26] T. Seidelmann, F. Ungar, M. Cygorek, A. Vagov, A. M.
Barth, T. Kuhn, and V. M. Axt, Phys. Rev. B 99, 245301
(2019).
[27] M. Cygorek, F. Ungar, T. Seidelmann, A. M. Barth,
A. Vagov, V. M. Axt, and T. Kuhn, Phys. Rev. B 98,
045303 (2018).
[28] T. Seidelmann, F. Ungar, A. M. Barth, A. Vagov, V. M.
Axt, M. Cygorek, and T. Kuhn, Phys. Rev. Lett. 123,
137401 (2019).
[29] S. Schumacher, J. Fo¨rstner, A. Zrenner, M. Florian,
C. Gies, P. Gartner, and F. Jahnke, Opt. Express 20,
5335 (2012).
[30] D. Heinze, A. Zrenner, and S. Schumacher, Phys. Rev.
B 95, 245306 (2017).
[31] A. Carmele and A. Knorr, Phys. Rev. B 84, 075328
(2011).
[32] R. M. Stevenson, R. J. Young, P. Atkinson, K. Cooper,
D. A. Ritchie, and A. J. Shields, Nature 439, 179 (2006).
[33] R. J. Young, R. M. Stevenson, P. Atkinson, K. Cooper,
D. A. Ritchie, and A. J. Shields, New Journal of Physics
8, 29 (2006).
[34] A. Muller, W. Fang, J. Lawall, and G. S. Solomon, Phys.
Rev. Lett. 103, 217402 (2009).
[35] D. Huber, M. Reindl, S. F. Covre da Silva, C. Schimpf,
J. Mart´ın-Sa´nchez, H. Huang, G. Piredda, J. Edlinger,
A. Rastelli, and R. Trotta, Phys. Rev. Lett. 121, 033902
(2018).
[36] H. Wang, H. Hu, T.-H. Chung, J. Qin, X. Yang, J.-P. Li,
R.-Z. Liu, H.-S. Zhong, Y.-M. He, X. Ding, Y.-H. Deng,
Q. Dai, Y.-H. Huo, S. Ho¨fling, C.-Y. Lu, and J.-W. Pan,
Phys. Rev. Lett. 122, 113602 (2019).
[37] J. Liu, R. Su, Y. Wei, B. Yao, S. F. C. d. Silva, Y. Yu,
J. Iles-Smith, K. Srinivasan, A. Rastelli, J. Li, and
X. Wang, Nature Nanotechnology 14, 586 (2019).
[38] S. Bounouar, C. de la Haye, M. Strau, P. Schnauber,
A. Thoma, M. Gschrey, J.-H. Schulze, A. Strittmatter,
S. Rodt, and S. Reitzenstein, Appl. Phys. Lett. 112,
153107 (2018).
[39] A. Dousse, J. Suffczyn´ski, A. Beveratos, O. Krebs,
A. Lemaˆıtre, I. Sagnes, J. Bloch, P. Voisin, and P. Senel-
lart, Nature 466, 217 (2010).
[40] R. Winik, D. Cogan, Y. Don, I. Schwartz, L. Gantz,
E. R. Schmidgall, N. Livneh, R. Rapaport, E. Buks, and
D. Gershoni, Phys. Rev. B 95, 235435 (2017).
[41] A. Fognini, A. Ahmadi, M. Zeeshan, J. T. Fokkens, S. J.
Gibson, N. Sherlekar, S. J. Daley, D. Dalacu, P. J. Poole,
K. D. Jo¨ns, V. Zwiller, and M. E. Reimer, ACS Photonics
6, 1656 (2019).
[42] R. Hafenbrak, S. M. Ulrich, P. Michler, L. Wang,
A. Rastelli, and O. G. Schmidt, New Journal of Physics
9, 315 (2007).
[43] A. J. Bennett, M. A. Pooley, R. M. Stevenson, M. B.
Ward, R. B. Patel, A. Boyer de la Giroday, N. Sko¨ld,
I. Farrer, C. A. Nicoll, D. A. Ritchie, and A. J. Shields,
Nature Physics 6, 947 (2010).
[44] E. del Valle, New J. Phys. 15, 025019 (2013).
[45] F. Troiani, J. I. Perea, and C. Tejedor, Phys. Rev. B 74,
235310 (2006).
[46] R. M. Stevenson, C. L. Salter, J. Nilsson, A. J. Bennett,
M. B. Ward, I. Farrer, D. A. Ritchie, and A. J. Shields,
Phys. Rev. Lett. 108, 040503 (2012).
[47] O. Benson, C. Santori, M. Pelton, and Y. Yamamoto,
Phys. Rev. Lett. 84, 2513 (2000).
[48] C. Sa´nchez Mun˜oz, F. P. Laussy, C. Tejedor, and E. del
Valle, New J. Phys. 17, 123021 (2015).
[49] A. Badolato, K. Hennessy, M. Atatu¨re, J. Dreiser, E. Hu,
P. M. Petroff, and A. Imamog˘lu, Science 308, 1158
(2005).
[50] Y. Ota, S. Iwamoto, N. Kumagai, and Y. Arakawa, Phys.
Rev. Lett. 107, 233602 (2011).
[51] Q. Mermillod, D. Wigger, V. Delmonte, D. E. Re-
iter, C. Schneider, M. Kamp, S. Ho¨fling, W. Langbein,
T. Kuhn, G. Nogues, and J. Kasprzak, Optica 3, 377
(2016).
[52] D. F. V. James, P. G. Kwiat, W. J. Munro, and A. G.
White, Phys. Rev. A 64, 052312 (2001).
[53] R. M. Stevenson, A. J. Hudson, A. J. Bennett, R. J.
Young, C. A. Nicoll, D. A. Ritchie, and A. J. Shields,
Phys. Rev. Lett. 101, 170501 (2008).
[54] M. Cosacchi, M. Cygorek, F. Ungar, A. M. Barth,
A. Vagov, and V. M. Axt, Phys. Rev. B 98, 125302
(2018).
[55] W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).
[56] R. Winkler, Spin-Orbit Coupling Effects in Two-
Dimensional Electron and Hole Systems, Springer Tracts
in Modern Physics, Vol. 191 (Springer, 2003).
[57] S. Bravyi, D. P. DiVincenzo, and D. Loss, Annals of
Physics 326, 2793 (2011).
